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We consider the measurement of higher current moments with a dissipative resonant circuit, which
is coupled inductively to a mesoscopic device in the coherent regime. Information about the higher
current moments is coded in the histograms of the charge on the capacitor plates of the resonant
circuit. Dissipation is included via the Caldeira-Leggett model, and it is essential to include it
in order for the charge fluctuations (or the measured noise) to remain finite. We identify which
combination of current correlators enter the measurement of the third moment. The latter remains
stable for zero damping. Results are illustrated briefly for a quantum point contact.
PACS numbers:
The knowledge of all current moments, at arbitrary fre-
quencies, allows to characterize completely the statistics
of electron transfer in mesoscopic devices. The lowest
current moments have recently been measured experi-
mentally for a few specific systems [1, 2, 3]. Zero fre-
quency noise measurements have provided valuable di-
agnosis for transport in the past, yet current moments
at high frequencies are difficult to measure, and typically
require an on-chip measuring apparatus[4, 5, 6, 7]. Finite
frequency noise contains information which is not appar-
ent at zero frequency, when characterizing excitations in
carbon nanotubes [8]. Here, we present a scheme for the
measurement of the noise and third moment at high fre-
quencies, using a resonant circuit. A central issue deals
with the electromagnetic environment on such measure-
ments, which has been discussed in the past in different
contexts [9, 10].
On-chip noise measuring proposals are either based on
capacitive coupling, on inductive coupling, or both[11].
Any measurement involves the filtering of frequencies by
the detection circuit, with an appropriate bandwidth:
this justifies the choice of a generic resonant circuit. A
dissipationless LC circuit was proposed[5] to measure
high frequency noise. The measured noise (the squared
charge fluctuations on the capacitor) is then a combi-
nation of the unsymmetrized current correlators. The
charge fluctuations are inversely proportional to the adia-
batic switching parameter used for the coupling. This pa-
rameter has thus to be interpreted as a line width which
should be computed from first principles. In the same
spirit, the radiation line width of a Josephson junction
was shown to originate from the voltage fluctuations of
the external circuit [12]. A fundamental question here
is to derive this line width and therefore to see how dis-
sipation affects the measurement of the higher current
moments.
The setup is depicted in the upper part of Fig. 1a: a
lead from the mesoscopic device is inductively coupled
to a resonant circuit (capacitance C, inductance L, and
dissipative component R). Repeated time measurements
are operated on the charge q, which yield an histogram
which is qualitatively depicted in Fig. 1a: a reference
histogram is made for zero voltage (left), yielding the
zero bias peak position, its width, its skewness,... In the
presence of bias, this histogram is shifted (right), and
it acquires a new width. Information about all current
moments at high frequencies is coded in such histograms.
The basic Hamiltonian which describes the oscillator (the
LC circuit) reads: Hosc = H0 + V where H0 = Hfree +
Hbath is the Hamiltonian of the uncoupled system. We
use a path integral formulation to describe the evolution
of the oscillator in the presence of coupling to the bath
and to the mesoscopic device. In the absence of coupling
the Keldysh action describing the charge of the LC circuit
reads:
Sosc[q] =
1
2
∫ +∞
−∞
dtdt′qT (t)G−10 (t− t
′)σzq(t
′) , (1)
with the Green’s function G−10 (t) = M [(i∂t)
2 − Ω2],
Ω = (LC)−1/2 is the resonant frequency of the circuit.
qT = (q+, q−) is a two component vector which con-
tains the oscillator coordinate on the forward/backward
contour, σz is a Pauli matrix in Keldysh space. The
action describing the free LC circuit is that of an har-
monic oscillator. Dissipative effects are treated within
the Caldeira-Leggett model [13]: q is coupled to an oscil-
lator bath, whose coordinate xn has a Green’s function
D−1n (t) = Mn[(i∂t)
2 − Ω2n] (same as the undamped cir-
cuit). The coupling between q and xn is chosen to be
linear, V = q
∑
n λnxn. The partition function of the
oscillator plus bath Z =
∫
DqDxeiS[q,x] has an action:
S[q,x] =Sosc[q] +
1
2
∑
n
xTn ◦D
−1
n ◦ σzxn
− qT ◦ σz
∑
n
λnxn ,
(2)
where the symbol ◦ stands for convolution in time. The
environment degrees of freedom being quadratic, they
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FIG. 1: (color online) a) (top) Mesoscopic device coupled to
a dissipative LC circuit. (bottom) typical histograms of the
charge used to identify the noise and the third moment, at
zero and finite voltage. Measured noise (damping parameter
γ) at temperature T = 0.01Ω. No damping (full line), γ/2 =
0.4Ω (dashed line), γ/2 = 0.6Ω (dashed-dotted line). b) T >
γ/2 (underdamped case). Inset: T = 0.01Ω (over-damped
regime).
can be integrated out in a standard manner [14]. The
Green’s function of the LC circuit becomes dressed by
its electronic environment, G−1(t − t′) = G−10 (t − t
′) −
Σ(t− t′), with a self energy Σ(t− t′) = σz
∑
n λ
2
nDnσz .
Next, we introduce the inductive coupling between the
mesoscopic circuit and the LC circuit Vint = αqI˙ , where
I˙ is the time derivative of the current operator [5]. This
interaction is interpreted here as an external potential
acting on the oscillator circuit. Because we are interested
in calculating correlation functions of the LC circuit co-
ordinate, we introduce a two-component auxiliary field η
(upper/lower contour) which allows to write the partition
function:
Zη[I] =
∫
DqT exp i
[1
2
qT ◦G−1 ◦ q− qTσz ◦ (αI˙+ η)
]
.(3)
The effective action is then quadratic in the oscilla-
tor coordinate, so that one can integrate out q, and the
effective action becomes (restoring integrals):
Seff = −
i
2
∫
dt
∫
dt′(η(t) + αI˙(t))TσzGˇ(t− t
′)
× σz(η(t
′) + αI˙(t′))
]
. (4)
The action of Eq. (4) is then used to compute the rel-
evant averages by taking derivatives over the auxiliary
field:
〈q(t)〉 =
α
2
∑
s
∫
dτσs,sz (G
+s(t, τ) +G−s(t, τ))
× 〈I˙(τs)Z[I]〉/〈Z[I]〉 , (5)
δ〈q(t)q(0)〉 = α2
∑
s1,s2
σs1s1z σ
s2s2
z Z[I]
−1
∫
dτ1dτ2
× 〈I˙(τs11 )I˙(τ
s2
2 )Z[I]〉G
s1+(τ1, 0)G
s2−(τ2, t) ,(6)
with Z[I] = Zη=0[I], and 〈...〉 denotes a non-equilibrium
average over the mesoscopic system. In the above, we ig-
nore contributions which originate from the zero point
fluctuations of the LC circuit plus bath, as these are
subtracted in the excess noise and third moment mea-
surement which is implied in Fig 1. At this stage no
approximation has been made on the magnitude of the
inductive coupling. An expansion of the partition func-
tion in powers of α yields contributions for these aver-
ages which contain all high-order correlators of the cur-
rent derivative moments. Such moments are translated
into “regular” current correlators, using Fourier trans-
forms. We start with noise, introducing the combination:
K±(t) = θ(t)(K>(t)±K<(t)), whereK> andK< are the
off diagonal elements of 〈I˙(ts)I˙(t′s
′
)〉 in Eq. (6). Going
to the rotated Keldysh basis allows to rewrite the charge
fluctuations at equal time as (the time dependance drops
out):
δ〈q2〉 = α2
∫
dω
2pi
GR(ω){GK(ω)K−(ω)
−(GR(ω)−GA(ω))K+(ω)} , (7)
with the three non-vanishing Green’s oscillator func-
tion: GR/A(ω) = [M(ω2 − Ω2) ± isgn(ω)J(|ω|)]−1 and
GK = (2N(ω) + 1)(GR(ω)−GA(ω)) (N(ω) is the Bose-
Einstein distribution), were the spectral function of the
bath J(ω) = pi
∑
n λ
2
n/(2MnΩn)δ(ω −Ωn) gives rise to a
finite line width for the LC circuit Green’s function.
Next, we relate the time derivative correlators to the
current correlators: K<(ω) = ω2S+(ω) and K
>(ω) =
ω2S−(ω), with S+(ω) =
∫
dt〈I(0)I(t)〉eiωt and S−(ω) =
S+(−ω), which correspond to the response function for
emission/absorption of radiation from/to the mesoscopic
circuit [5, 7]. With these definitions, the final result for
the measured excess noise reads:
δ〈q2〉 = 2α2
∫ ∞
0
dω
2pi
ω2[χ′′(ω)]2
×
(
S+(ω) +N(ω)(S+(ω)− S−(ω))
)
, (8)
where χ′′(ω) = J(|ω|)/[M2(ω2 − Ω2)2 + J2(|ω|) is the
susceptibility of Ref. [13], here generalized to arbitrary
J(|ω|). Eq. (8) indicates that for a small line width, the
integrand can be computed at the resonant frequency
Ω, and the measured noise is proportional to S+(Ω) +
3N(Ω)(S+(Ω) − S−(Ω)), with a prefactor which diverges
when the circuit is uncoupled to its environment [5]. Eq.
(8) constitutes a mesoscopic analog of the radiation line
width calculation of [12]: a dissipative LC circuit cannot
yield any divergences in the measured noise. Dissipation
is essential in the measurement process.
Next, we turn to the measurement of the third mo-
ment. Performing a perturbative expansion in α of
the average charge in Eq (5), only odd current (deriva-
tive) correlators can be generated in this series. The
first term is proportional to 〈I˙〉: it vanishes in a sta-
tionary situation (DC bias on the mesoscopic device).
The next non-vanishing term is directly related to the
third moment at finite frequencies: Ls1,s2,s3(t1, t2, t3) =
〈TK{I˙(t
s1
1 I˙(t
s2
2 )I˙(t
s3
3 )}〉. The average charge is expressed
in terms of the Green’s functions of the LC circuit plus
bath and the current correlators.
〈q〉(3) = −
i
2
α3
∫
dτθ(t − τ)(G>(t, τ) −G<(t, τ))
×
∫
dt1dt2
∑
s1,s2
σs1s1z σ
s2s2
z G
s1s2(t1 − t2)L
+s1s2(τ, t1, t2) .(9)
It turns out that the average charge can be expressed
solely in terms of a special combination of current deriva-
tive correlators:
R±(τ, t1, t2) = θ(τ − t1)θ(t1 − t2)L
±(τ, t1, t2) ,(10)
with
L∓(τ, t1, t2) =
〈[
[I˙(τ), I˙(t1)]−, I˙(t2)
]
∓
〉
. (11)
That is, the mesoscopic circuit correlators appear
only in the form of interlocked commutators (−)/anti-
commutators (+). This is an important aspect of this
scheme, because the commutator which is common for
both correlators of Eq. (11) implies that our scheme is
only effective when the transport is fully coherent, i.e.
when the rate of escape for electrons from the mesoscopic
device to the leads is large compared to the temperature.
Such correlators vanish in the case of incoherent Coulomb
blockade transport. Exploiting time translational invari-
ance, the final result for the measured third moment then
reads:
〈q〉(3) = −iα
3
∫ ∞
−∞
dω
2pi
GR(0)
[
GK(ω)R−(0, ω)
− (GR(ω)−GA(ω))R+(0, ω)
]
, (12)
Note the similarity between this expression and the one
obtained in Eq. (7) for the measured noise. R+ is
weighted by same the spectral density of states of the
LC oscillator plus bath GR − GA, as for the factor K+
in Eq. (7). The factor R−, on the other hand, does
not contain the same frequencies as that of K− (see be-
low). This result also shows which third moment cor-
relator (which frequencies) the dissipative LC circuit is
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FIG. 2: (color online) Measured third moment. a) T ≪ γ/2
and γ/2 < Ω for the displayed values of the damping param-
eter. Inset: zoom near Ω = eV . b) case γ/2 < T , at constant
temperature and different value of γ. Inset: γ is fixed and T
is varied.
capable of measuring. Using the expressions of the oscil-
lator circuit Green’s function:
〈q〉(3) =
2α3
MΩ2
∫ ∞
0
dωχ′′(ω)
× Re
{[
(2N(ω) + 1)R−(0, ω)−R+(0, ω)
]}
,(13)
There is a fundamental difference between the two re-
sponses of Eqs. (8) and (13). χ′′(ω) appears as a square
in the measured noise (8), while it does not in the third
moment (13). We next specify to strict ohmic or Marko-
vian damping J(ω) = Mγω, a memoryless bath being
consistent with the adiabatic switching assumption. The
limit of zero ohmic dissipation γ → 0 leads to a diver-
gence in the measured noise because it is proportional
to the square of χ′′(ω): there are “large” charge fluc-
tuations on the capacitor plates because it is pumping
energy from the mesoscopic device. A finite damping is
needed in order for the integral in Eq. (8) to converge: it
explains the breakdown of adiabaticity[5]. The measured
third moment is not singular when γ → 0.
Results are applied to a point contact. The excess
noise is known to have a singular derivative at ω = eV .
〈q2〉 and 〈q〉 are plotted as a function of Ω/eV , γ/Ω, and
T/Ω, with T the temperature of the LC circuit, which is
4assumed to be small compared to eV (shot noise domi-
nated regime) [15]. In the under-damped case the sus-
ceptibility χ′′ is a superposition of Lorentzian peaks at
±Ω and width γ. Thus, if γ ≪ Ω we expect qualitative
behavior similar to that of the undamped case, which
is indeed what happens, with the important result that
the divergency is removed. Fig. 1a shows that at small
temperature, the effect of damping is to wash out the
singularity, and the measured noise flattens out. A curve
with no damping is shown for comparison, after rescal-
ing (it is infinite at ω = 0 for γ → 0). The inset of
Fig. 1b also applies to T < γ, but deals with the over
damped regime: there is no reminiscence of the linear be-
havior found in the absence of damping because the two
peaks of χ′′(ω) cannot be resolved, even at low temper-
atures. Fig. 1b shows the effect of the temperature on
the noise both without and with dissipation, in the under
damped regime. The measured noise can become nega-
tive at higher temperature because S+ − S− < 0, and
because of the large population of LC oscillator states.
Because we are considering excess effects (difference be-
tween the charge fluctuations with and without the ap-
plied bias) there is no controversy here. As in Fig. 1a, the
cusps (or singularities), which survive for the undamped
case even at these temperatures, are strongly attenuated
due to damping. An important feature is that the mea-
suring temperature T enters our results exactly as in the
undamped case, because the response function χ′′(ω) is
temperature-independent (χ′′(ω) is related to the sym-
metrized correlation function of the damped HO via the
fluctuaction-dissipation theorem).
We turn now to the measured third moment (Fig. 2).
For γ → 0, it does not have a singularity at ω = eV , but
it vanishes beyond this point, and has a linear behavior
(not shown) close to ω = 0. For the under damped case
γ/2 < Ω, the main effect is to reduce the amplitude of the
measured third moment, and to wash out its vanishing
at Ω = eV (see inset). Furthermore, one notices that
the third moment saturates near ω = 0, and acquires a
maximum in this region. The effect of temperature is
displayed in Fig. 2: the structure at Ω = eV disappears,
and the width of the maximum at ω = 0 is reduced.
Similarly to the measured noise, the third moment can
become negative either when the damping is increased
(Fig. 2b), or when the temperature is increased (inset).
The above measurement setup and coupling conditions
are easily achievable by on-chip inductive coupling to a
SQUID circuit behaving as a harmonic oscillator. Re-
cently reported quality factors of ≈ 100 − 150, with an
oscillator resonance of ≈ 3GHz, and operating temper-
ature T ≈ 25mk [16] correspond to the under damped
regime discussed. A detailed investigation of the experi-
mental setup will be reported elsewhere.
In summary, dissipation was included in the measure-
ment of the higher current moments in the coherent
regime; it is crucial to get a finite result for the noise.
Third moment correlators have been identified with this
scheme. The measurement of higher current moments,
using the skewness and the sharpness of the charge his-
togram consitutes an extension.
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